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Le Journal de I'Ecole — Mathématiques (JEP) publie, en francais ou en anglais, des articles de recherche originaux en mathématiques. Le JEP ambitionne un niveau comparable a celui des meilleures

polytechnique
G==r) revues intemationales dans tous les domaines des mathématiques fondamentales et appliquées.
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Editorial Anicles & paraitre Lance en 2013, le JEP est la continuation dans le domaine des mat! du Joural de I'Ecole polytechnique, une des plus anciennes revues scientifiques francaises (1795-1939). qui a publié des articles en
Itis dedicated to publishing high-quality papers in which algebra and ! mathématiques ainsi qu'en mecanique et en physique. Les plus grands mathématiciens francais de la periode, tels que par exemple Appell, Catalan, Chasles, Cauchy, Fourier, Hermite, Hugoniot, Jordan, Lagrange, Laplace, P.
Comité de rédaction Liouville, S. M¢ , Monge, Painleve, Picard, Poincaré, Poisson, Rouche, Saint Venant, ont signé plusieurs articles dans cette revue. A I'occasion de son centenaire, en 1895, était publié I'article fondamental

combinatorics interact in interesting ways. There are no limitations on the kind Swanson, Joshua P. %yys Situs » de Poincare.
of algebra or combinatorics: the algebra involved could be commutative (OF 16| EATSRBT5 o1 Tals i vl GIVR Mol

algebra, group theory, representation theory, algebraic geometry, linear Major Index

algebra, Galois theory, associative or Lie algebras, among other possibilties.
The combinatorics could be enumerative, coding theory, root systems, design
theory, graph theory, incidence geometry or other topics. The key
requirement is not a particular subject matter, but rather the active interplay
between combinatorics and algebra.
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Le Journal de I'Ecole polytechnique a été publié de 1795 a 1939 par le Conseil d'instruction de cet établissement et a changé quatre fois de titre avant de devenir Joumal de 'Ecole polytechnique de 1870 2 1939 :
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In fact, the best known division-free algorithm for computing determinants over
arbitrary rings [Kal92] does so using the characteristic polynomial. Over p-adic
fields, computing the characteristic polynomial is a key ingredient in algorithms for
counting points of varietics over finite fields (sce [Ked01, Har07, Harl4].
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Cloture intégrale des idéaux et équisingularité
Elliptic curves and counterezamples to local-global divisibility 7 Elliptic curves and counterezamples to local-global divisibility 153 A eyclotomic generalization of the sequence ged(a™ — 1,b" —1) 50 ) ’ ) ) Y
. BB BB 1 N Soit ko = mkj et posons N = sup [avy(z,) — vi(af)]. Ona:
with by = =205 + 185 — 95 +35- 370, o= 4 — uduf for all sufficiently large N, with ¢ = 37" using n = 221 To obtain 1cicmack
the form of the constant ¢ appearing in the statement of the theorem, we
. . - .\ _ (20— 2l — 270 + (12880 + 240)0) apply Lemma 2.2 for the explicit expression for [Cx|, M = 1o [] £, replace vl e > Y uE = Y nE+ Y v .
o= 54/3_: [V L L 85 : 7 with its lower bound 1, and replace 7o with its upper bound g*. =ty Pt P
= o T gy 8 ERE 128K7 4 2Ky + 64K° 4 2K° s - o -
We have shown that there are infinitely many elliptic curves € such that o (AR A L2 1t is desirable to make the condition on N explicit as well, by giving (Siai+-++ap =k > ko, la lére sommation n’est certainement pas vide).
Q(E[3]) = Q(Cs)- They form a family depending on two nonzero rational 1Rt K2 (64K 4 K92 4+ (64K + K)o 4 3265 4 K5 an explicit upper bound on g. o this end we apply the Riemann-Hurwitz
= : —If — klf K+ R+ k)l + 32K 4 K i «(T): :
parameters. We want to know when two curves in that family arc iso- o ekl R+ 8)k§ ( e . formula [8], p. 69, to the field extension EF/Fon (T): Donc :
morphic. In general, if & is the algebraic closure of a number field k, two 29-2=-2M + Y (egyp — 1) deg P ar ... g i) — g oz —
elliptic curves are isomorphic over  if and only if they have the same j- The point Dy lies on &(F), where F is the field Q(lk, Cs) of degree at most T vial i) > 30 (amnte) —ae) + 30 (ami(@) = N) -

invariant. Furthermore, if j = 0 we have Aut(€) = Z/6Z, if j = 1728 we
have Aut(€) = Z/4Z, if j # 0,1728 we have Aut(€) = Z/2Z. Let A be the
discriminant of an elliptic curve with Weierstrass form 42 = 2% + bz + ¢,
then
A= —16(45° + 27¢2),
For the curves of the family %, we have
_2168%(h' — 65°h° +128°)
T w

__1728(ap)°
==

6 over Q(Cs). Clearly F depend on k, but we do not write that subscript
in the case of fields, in order to avoid confusion with completions. Let
hy 1= 1} = —8k*VI6K? + 1+ 32k° + k*. The point 3Dy := (uz . vay) lies
on Ex(L), where L is the fied Q(h,Cs) = Q(VIGR + L,G) of degree at
most 2 over Q(Cs). In fact it is possible to check that

Uy =

where p runs through primes of Fo (T). The number of ramified primes
is bounded by dy = dega(T)b(T) so the sum is bounded by doM. Hence
9 < 1+doM/2 = 1+doro 1, £ < 1+dog?m?. It follows from what we have
seen that the constant ¢ given in the theorem is valid for all N satisfying
QN2 > 8(1+ dog®m?) + 12,
hence for all
_QV-1 2,2 2
n= = > [8(1 + dog™ m?®) + 12]* /m.

ai>k) aik
Or puisque ay + -+ +a, =k, ona Y a; <k. Ainsi

>k
vr(at - ale) > KZ‘: aia) = ek —mN > K inf #1(x) =) = mN .

Finalement v;(J*) > k[ inf #y(z;)—c~]. Faisant tendre k vers Finfin,
N ne dépendant que de ¢, il vient

o 2T(h? - 68)P(h? — 28)°(h* + 128%)° (128K + k®)hy. + 4096K° + 96k — 1 .
=2 0PN — SV 4 S = : G This proves Theorem 2.1 when (ng.q) = 1. The case (no,q) # 1 follows v inf pr(z) —
8A3RS(hT — 63h2 + 1252)° 6% from the case (ng,q) = 1 as in [15]. o i) 2 dnf o) ==
A curve in Fgy, has a singular point if and only if A = 0, therefore if (128K + k%)hy. + 4096k + 96k* — 1 ) .
and only if 3 — 0. Since we are supposing 8 7 0, we can conclude there T Remarks. It is notable that the constant ¢ is independent of a(T) and et coci Gant veai pour tout &, 7i(/) > | nf i1(z). O

are no curves with singularities in 3. We are interested in finding all
isomorphism classes of the curves of that family. If we fix one of those
curves, by choosing 3 = 7 and h = &, and we denote by J its j-invariant,
it is possible verify that j — j is a polynomial in the variables 4 and h with
numerator

;=27 (81" = Bh2) - (W20 — 1263)

— 205 W2 + 1445°F).
I p; = 0, then &, = & Clearly, we have (95 — Fh2) = 0 if and
only if # = h2B/h” and we have (h2h” — 12473) = 0 if and only if § =

Un modele

en devel

Then the point Py := 9D;, = 3(3Dy) lies in £ (L) too. Let Py := (ug 1 vg,1)-
The coordinates ug and vy have very long expressions in terms of k, but
they become really casier for every numerical choice of that parameter. The
abscissas ug; is a fraction with the following numerator ny . and denomi-
nator dy

— 8241072668672k — 6204080259072k
+ 117323071488k"? + 6893862912k"
+ 53858304k° — 79488k* + 27) (3.
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b(T). Also, the hypothesis in Theorem 2.1 that a(T) and b(T) are not £;th
powers in Fy(T) is a technical one, used in the proof, but we do not know
if it is necessary.

The proof of Theorem 2.1 can be generalized to yield the following

Theorem 2.3. LetF, be a finite field, u, v be positive integers, d=ged(u,v),
and assume ged(u/d,d) = ged(v/d,d) = 1. Let a = a(T), resp. b =

3. The case a,b € Z

Tn this section we prove the generalization of Theorem 1.2 for any positive
integer m under the Generalized Riemann Hypothesis (GRH), which enters

economique
oppement

COROLLAIRE 0.16. — 7 est une fonction d’ordre.

Preuve. — Soient x,y dans A et soit J Iidéal engendré par z et y. Alors
1(J) = inf (s(x), 77(y)). Mais 2 + y € J. Done vy (x +y) > p7(J). Clest

2Pl (gE2 | esar? | Bhd a2 2732 ny g = — 18014 — 253327 k> B(T) € Fy[T] be monic nonconstant polynomials which are not £th pow- i). Dautre part v (% - y*) > vy(a*) + vy (y*). Ceci donne ii). Finalement
(B + (8K~ 66BN + A"~ 6BF K"+ 126°5 )  300S263813595136K% — 272053761505392419 ers in By(T| for all flu, resp. {v. Fiz o power ¢* of . and any congruence puisque v7(0) = o, a fortiori 7;(0) = oc. De plus. puisque 1 ¢ 1, v7(1) = 0.
< ((h* = 63h2 + 126°)R" + (—6Bh* + 126BR2R° + 125°h%) ) B e class no + ¢"Z € Z,/q*Z.. Then there is a positive constant ¢ such that Mais 1¥ = 1. Done 77(1) =0. O

.\ ) ot ., L o — 12020335368192k0 — 320621962752)'% deg(aed (B (a(T)"), o (B(T))) >
(B = 68k +126%)R" + (12881 — 120*B)h + 1440°5°) + 869793792K10 — 25030656K7 — 42048k — I, o eglged(@ulal 5 ol 2en R;mmq?e 0.17. — Si @ est un élément nilpotent de A, v7(zr) = 0. On a
R (6B 12BN 4 125 — 12802 + 1445%7) for infinitely many n = ng (mod q*). en fait le résultat plus précis suivant :
((hA — 68K2 2+ (—67ht Bh? — 1267BV2 + 197Ph4 _ 2 21 The details are omitted.
((h* = 66h% + 126°)R" + (—67h* + 4868h? — T267B)R” + 125° K dig = (7599824371187712K% + 949978046398464)

PROPOSITION 0.18. — Soient A un anneau, N son nilradical. Soient I
un idéal de A ne contenant pas 1, J un idéal de A. Soient Ay = AJN, I,
Jy les images respectives de I, J. Si J est de type fini, alors

or(J) = op, () -

— 789 -
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